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A B S T R A C T
The mass conversion of heathland to grassland in north-western Europe the past decades is a typical
example of how tipping points threaten the biodiversity and ecosystem services delivered by biota.
Different explanations have been provided for this conversion, with nitrogen enrichment resulting from
anthropogenic activities being a commonly supported hypothesis. Here we present a mathematical
model to investigate the conditions under which the conversion of heathland to grassland can occur. The
model describes indirect competition for light and nitrogen between heather dwarf shrub (Calluna
vulgaris) and wavy hair-grass (Deschampsia ﬂexuosa), while both species also over-shade each other.
Nutrient co-limitation in the model is described using the Synthesizing Unit concept. Over-shading is
found to play a pivotal role in the existence of alternative stable states in the model. Under constant light
availability a combination of over-shading and enrichment with ammonia leads to a regime shift from
heathland to grassland, while under enrichment with ammonia alone there is coexistence between the
two species. These results are supported by experimental ﬁndings in the literature.
 2015 Elsevier B.V. All rights reserved.
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A major conservation issue nowadays is the loss of biodiversity
and the subsequent loss of ecosystem services provided by biota
via regime shifts or tipping points (Folke et al., 2004; Scheffer et al.,
2009; Boettiger et al., 2013). Regime shifts are fast and large-scale
changes caused by relatively small changes in system drivers, often
because of direct or indirect anthropogenic inﬂuences, resulting
from the existence of nonlinear interactions and feedbacks
(Scheffer and Carpenter, 2003). The complexities surrounding
the conditions under which tipping points occur pose a signiﬁcant
challenge for future environmental policy and management but
have to be considered (Folke et al., 2004; Schlu¨ter et al., 2012).
An interesting case study in this regard may be the large-scale
conversion of heathland to grassland. Heathland is an ecosystem
type that provides unique ecosystem services, such as a high
conservational value for biota and a high aesthetic and historical
value (Alonso et al., 2001), while it historically provided grazing* Corresponding author at: P.O. Box 16, 6700 AA Wageningen, The Netherlands.
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1476-945X/ 2015 Elsevier B.V. All rights reserved.terrain for sheep. It has also been suggested that heathland may be
used as a source of bioenergy production (Worrall and Clay, 2014).
Experimental studies have suggested that the dynamics of the
heathland plant community may be considered as essentially a two-
species system consisting of heather dwarf shrub (Calluna vulgaris)
and wavy hair-grass (Deschampsia ﬂexuosa) (Damgaard et al., 2009).
Normally heathland is dominated by Calluna, but since the 70s and
80s of the last century mass replacements have occurred in north-
western Europe (UK, The Netherlands) of Calluna by Deschampsia,
while further losses of heathland have occurred due to a combination
of afforestation and poor management (Cadbury, 1992).
Several theories have been suggested to explain the mass shifts
from heathland to grassland. Wavy hair-grass occurs naturally in
heathland, in particular after heather dieback caused by infestation
by heather beetle (Lochmaea suturalis). It therefore has been
suggested that heathland can naturally change to grassland
through beetle infestation alone (Berdowski, 1987). Nevertheless,
grasses seldom outgrow Calluna under pre-industrial or even
mildly elevated nitrogen availability levels (Alonso et al., 2001).
This may perhaps be because of speciﬁc grazing by ungulates like
sheep and deer (Alonso et al., 2001), which may target grasses
more than Calluna.
The dominant view in ecological literature is that nitrogen
enrichment is the main driver in heathland conversion to grassland
Table 1
Stylized facts about heather and grass taken from literature.
No. Short description and source
I Deschampsia signiﬁcantly affects Calluna but not the other way
around. However, intra-speciﬁc competition for Deschampsia occurs
at planting densities above 29 plants m2, while Calluna does not
show clear intra-speciﬁc competition (Britton et al., 2003)
II Calluna is slow-growing but evergreen and with an intact canopy can
outcompete grasses, even at increased levels of nutrient supply
(Alonso et al., 2001). When grown as seedlings Deschampsia always
outcompetes Calluna
III Calluna competes best on sandy soil, where the shoot biomass ratio is
greatest (Britton et al., 2003)
IV Grasses (including Deschampsia) typically utilize surface water and
surface nitrogen, which is ammonium. Shrubs (including Calluna)
typically utilize deeper water and deep soil nitrogen, which is
(leached) nitrate (Gherardi et al., 2013)
V Shrubs have a higher nitrate uptake rate than grasses, while their
ammonium uptake rates are similar (Gherardi et al., 2013)
VI Young Calluna and grass individuals respond only signiﬁcantly to soil
type (peat vs. sandy soil), and not to nitrogen additions or watering
regimes (Britton et al., 2003)
VII Calluna seedling germination depends highly on damp conditions
(Britton et al., 2003 and references therein)
VIII Calluna canopy is most dense if the individuals are of medium age;
young Calluna still needs to grow, while older Calluna shows gaps in
its canopy (Alonso et al., 2001)
IX Fencing (which prevents grazing by deer and sheep) increases the
height of Calluna; Calluna typically has a height of 0.2–2 m (Alonso
et al., 2001)
X Fencing and experimental nitrogen addition both roughly equally
contribute to increase in Deschampsia height (Alonso et al., 2001)
XI Grazing seems to occur mostly at the rim of Calluna canopy. Grazers
prefer grass because of the higher palatability as compared to Calluna,
which contains relatively many phenolics (Alonso et al., 2001)
XII Ammonium barely leaches, although there are some losses through
volatilization. Ammonium is nitriﬁed to nitrite and nitrate by
microorganisms. Nitrate, in turn, easily leaches to surface or deeper
soil waters (Ri and Prentice, 2008)
Table 2
Overview of the main assumptions and simpliﬁcations of the food web model of
heather and grass.
No. Short explanation
1 All nitrogen deposition in natural areas is in the form of ammonia, i.e.,
there is no appreciable inﬂux of nitrate
2 Any chemical side-effects from nitrogen deposition are ignored in the
regime shift, like soil acidiﬁcation and the mobilization of toxic
compounds such as aluminium
3 There is no limitation in the processes resulting from microbial
activity, i.e., nitrate formation from ammonium and re-
mineralization of dead biomass
4 There is no distinction between different soil layers. The fact that
Calluna extracts nitrogen mainly from deeper layers (in the form of
nitrate) is represented by a higher uptake rate for nitrate
5 Light intensity (L) cannot change and is homogeneous, hence L is not a
dynamic state variable but a parameter in the model
6 Nitrogen is the only limiting element, and hence all (bio)masses are
expressed in terms of N-mol. There is a ﬁxed ratio assumed of
carbohydrates-to-nitrogen in the creation of biomass, i.e., there is a
ﬁxed conversion factor of light
7 Grazing by herbivores and infestation by heather beetle are ignored
8 Any stoichiometric differences between dead material from grasses
and Calluna are ignored, i.e., dead material consists of only one type.
Hence the re-mineralization of dead material is perfect, and there is
no distinction between labile and recalcitrant components
9 Water is not a limiting factor
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1998). Replacement of Calluna by grasses does occur in experiments
with signiﬁcant nitrogen enrichment (Heil and Diemont, 1983). The
concept of critical load has been introduced to provide threshold
values above which nitrogen deposition rates start to have
observable negative effects on ecosystem communities (Bobbink
et al., 2011). In the UK wet deposition of nitrogen has increased from
around 2–6 kg nitrogen per hectare per year in the 1900s to around
15–60 kg in the 1990s (Pitcairn et al., 1995). In the Netherlands
nitrogen deposition levels are predicted to be as high as 1400–
1800 mol per hectare per year over the period 2010–2030 (Velders
et al., 2010), which translates to an average of ca. 22 kg per hectare
per year. An exceedance by 500–1500 mol (ca. 10 kg) per hectare per
year in many of the NATURA2000 areas in the Netherlands is predicted
(Velders et al., 2010). Such numbers indicate at least that nitrogen
deposition will have effects, although it does not directly explain a
shift from heathland to grassland.
Another factor that has been suggested to be of importance is
competition for light between the two species (Van der Eerden
et al., 1991; Britton et al., 2003), but only under gap formation
resulting from e.g. grazing (Aerts et al., 1990). Experiments with
Calluna show that shading leads to strong reduction of ﬂowering,
etiolating of shoots, and lower shoot densities, while nitrogen
enrichment leads to increased ﬂowering (Iason and Hester, 1993).
Other observations suggest that Calluna with an intact canopy can
out-compete grasses, even at increased levels of nutrient supply
(Alonso et al., 2001), while grown as seedlings Deschampsia always
outcompetes Calluna. These observations could be explained by
over-shading playing an important role in the inter-speciﬁc
competition, possibly leading to priority effects (i.e., bistability
or alternative steady states; Drake, 1991). Other experimental
results suggest that (mostly) one-sided competition by grasses
towards Calluna may indeed be associated with over-shading
(Britton et al., 2003).
In this paper we investigate under which conditions heathland
can change to grassland by looking at the combined effects of
competition for nitrogen and light between Calluna and Deschamp-
sia on the respective species populations. For this we develop a
mathematical model consisting of a set of ordinary differential
equations which is based on stylized facts that have been put
together from various literature sources. The competition for light
and nitrogen is indirect and incorporated by describing co-
limitation of light and nitrogen sources (ammonium, nitrate)
available to Calluna and grass by making use of the Synthesizing
Unit formulation (Kooijman, 2010). Light availability is constant
but for the two species it is affected by over-shading. Phosphorus
limitation has been suggested to be of relevance as well, but
experiments with nitrogen and phosphorus enrichment of
C. vulgaris have not indicated a clear phosphorus limitation (Von
Oheimb et al., 2010), hence we do not include phosphorus in the
model.
The paper is organized as follows. In Section 2 we provide the
description of the conceptual model and discuss the stylized facts
(in Table 1) and important assumptions and simpliﬁcations (in
Table 2). In Section 3 the mathematical model is given, which is a
set of ordinary differential equations. The derivation of the
functional responses of the model based on the Synthesizing Unit
concept is given in Appendix A. The model is analyzed in Section 4
by primarily using bifurcation analysis. Section 5 presents the
discussion and conclusions.
2. Conceptual model
The model describes Calluna and grass which are co-limited by
light and nitrogen (ammonium and nitrate). The graphical depiction
of the conceptual model is given in Fig. 1. Conceptually the systemresembles a food web model consisting of resources and consumers.
For the development of the conceptual model we make use of
various stylized facts that are based on observations and experi-
mental ﬁndings published in the peer-reviewed literature. These can
be found in Table 1.
Fig. 1. A ﬂow diagram of the conceptual model of a heathland system. Variables are
indicated by circles, and variables that are kept ﬁxed (light) by squares. Solid arrows
indicate ﬂows between compartments, and dashed lines indicate that a ﬁxed
variable affects variables. The dashed-dotted double-headed line indicates the over-
shading effect between heather (Calluna) and grass (Deschampsia). Nitrogen
enrichment of natural areas occurs via ammonia deposition because of
anthropogenic activities (nitrate is soluble and hence there is no atmospheric
deposition of nitrate). Deposited ammonia undergoes volatilization, uptake by
plants, and nitriﬁcation to nitrate by microbes. Nitrate leaves the system via
leaching. Both plant species take up ammonium and nitrate, and deliver dead
biomass that is transformed into nitrogen again by microbial activity. Symbols are
explained in Table 3.
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the light availability, and hence light is a model parameter.
Nitrogen is the second resource, which is available to plants (the
consumers) in two forms, namely nitrate and ammonium.
Ammonia (NH3) enters nature areas via the atmospheric deposi-
tion of airborne particles resulting from e.g. the volatilization of
fertilizers used in agricultural areas. The ammonia then reacts with
water to form ammonium (NHþ4 ), which binds to the soil organic
matter (Di and Cameron, 2002; Ri and Prentice, 2008). Microbes
can convert ammonium to nitrate (NO3 ). Nitrate in turn is taken up
by plants, subject to leaching to deeper soil layers or surface water,
or further denitriﬁcation (Di and Cameron, 2002; Ri and Prentice,
2008).
The plant species take up both types of nitrogen, but with a
certain preference. Grasses typically utilize surface water and
surface nitrogen, which is ammonia, while shrubs (such as Calluna)
root deeper and thus typically have access to leached nitrate.
Experimental results suggest furthermore that shrubs have a
higher nitrate uptake rate than grasses, while their ammonium
uptake rates are similar (Gherardi et al., 2013). Alonso et al. (2001)
found that Calluna performs better on sandy soils. As the soil
retention capacity for nutrients and water of sandy soils is limited
higher uptake rates would provide a competitive advantage for
shrubs.
Competition between Calluna and Deschampsia seems to be
mostly one-sided (fact I). Although the mechanisms by which
plants can interact physically are limited, over-shading of Calluna
by grass may play a role as grass biomass increases, which results
in part of the biomass physically reducing the amount of light
available for Calluna.
Plants constantly produce dead biomass, which is re-mineral-
ized to ammonium and nitrate by microbial activity, generating a
partly closed-loop system. Microbial activity rates are assumed tobe non-limiting in the model (assumption 3). There is no
distinction between dead material coming from Calluna or grass,
and no distinction between labile and recalcitrant components in
this dead material (assumption 8). The death rate of grass is
considered to be higher than that of the evergreen Calluna because
relatively more grass above-ground biomass is lost during winter
months.
3. Mathematical model description
For the mathematical model we consider various model
foundations (assumptions and simpliﬁcations). These are listed
in Table 2. The model equations read as
dA
dt
¼ gA þ cMAdMAM  dA þ dANð ÞA  IAC f ACC  IAG f AGG ; (1a)
dN
dt
¼ cANdANA þ cMNdMNM  INC f NCC  ING f NGG  dNN ; (1b)
dC
dt
¼ ðmAC f AC þ mNC f NCÞC  dCMC ; (1c)
dG
dt
¼ ðmAG f AG þ mNG f NGÞG  dGMG ; (1d)
dM
dt
¼ cCMdCMC þ cGMdGMG  ðdMA þ dMNÞM ; (1e)
where A indicates ammonium concentration, N nitrate concentra-
tion, C Calluna density, G grass density, and M dead material from
both plant species. Eqs. (1a)–(1e) represent an open system with
recycling and with monitoring of mass balance. There is inﬂux of
atmospheric ammonia (the deposition rate gA) as well as outﬂux,
both direct (dA) and through microbial conversion to nitrate (dAN).
There is also direct outﬂux of nitrate (dN) e.g. by soil water. In
various places in the model stoichiometric conversion parameters
(c) are required to ensure that the dimensions of all model terms
match. For model simulations it is sufﬁcient to put all conversion
parameters to 1, where we assume that all elements besides
nitrogen are non-limiting, and all (bio)masses are expressed in
terms of N-mol. A comprehensive overview of the model variables
and parameters is given in Table 3.
Competition between the two plant species for nutrients and
light L occurs indirectly via the uptake of nutrients and light. This is
formalized in Eqs. (1a)–(1e) through scaled, dimensionless
functional responses given as
f AC ¼ bACAbLCLCkLNC bACA þ bLCLC þ bNCNð ÞQ1C ; (2a)
f AG ¼ bAGAbLGLGkLNG bAGA þ bLGLG þ bNGNð ÞQ1G ; (2b)
f NC ¼ bNCNbLCLCkLAC bACA þ bLCLC þ bNCNð ÞQ1C ; (2c)
f NG ¼ bNGNbLGLGkLAG bAGA þ bLGLG þ bNGNð ÞQ1G ; (2d)
where Q is a lengthy expression that is explained in more detail in
Appendix A. Light inﬂux L is assumed to be constant and treated as
a parameter. The functional responses Eqs. (2a)–(2d) are based on
the concept of the Synthesizing Unit (Kooijman, 2010), which
assumes a time scale separation between nutrient uptake
dynamics and population dynamics. Because the resources are
partly complementary (light, nitrogen) and partly substitutable
(nitrate, ammonium) these functional responses are more complex
than the standard Holling type II functional response typically used
to describe predator–prey interactions in ecological models. Under
the condition of LC = LG = L and unlimited nutrient availability
Eqs. (2a)–(2d) converge to either zero or standard Holling type II
Table 3
Parameters and state variables of the model. Dimensions are expressed as SI
dimensions: T = time, L = length, M = mass. The underscores for mass M indicate the
type of mass. As we deal with an ODE model, surface area is assumed to remain ﬁxed
and thus functions as a scalar. The parameters gA, dN, aCG, and aGC are varied in the
model analysis.
Symbol Dimension Value Description
A MA L
2 – Soil ammonium (NHþ4 ) density
N MN L
2 – Soil nitrate (NO3 ) density
C MC L
2 – Calluna biomass density
G MG L
2 – Grasses biomass density
M MM L
2 – Detritus density
L ML L
2 10 Light inﬂux density
aCG M2G L – Over-shading of C by G
aGC M2C L – Over-shading of G by C
cMA MA M
2
M 1 Stoichiometric conversion from
M to A
cAN MN M
1
A 1 Stoichiometric conversion from
A to N
cMN MN M
1
M 1 Stoichiometric conversion from
M to N
cCM MM M
1
C 1 Stoichiometric conversion from
C to M
cGM MM M
1
G 1 Stoichiometric conversion from
G to M
gA MA L
2 T1 – Ammonia input rate
dA T
1 0 Ammonia volatilization rate
dAN T
1 2 Ammonia nitriﬁcation rate
dN T
1 – Nitrate leaching rate
dCM T
1 0.014 Mortality rate Calluna
dGM T
1 0.023 Mortality rate grass
dMA T
1 0.05 Ammonia re-mineralization rate
dMN T
1 0.05 Nitrate re-mineralization rate
IAC MA M
1
C T
1 0.1 Maximum ingestion rate C on A;
IAC= kLAC
IAG MA M
1
G T
1 0.5 Maximum ingestion rate G on A;
IAG= kLAG
INC MN M
1
C T
1 0.4 Maximum ingestion rate C on N;
INC= kLNC
ING MN M
1
G T
1 0.2 Maximum ingestion rate G on N;
ING= kLNG
nAC M1A MC 0.25 Yield of C on A
nAG M1A MG 0.35 Yield of G on A
nNC M1N MC 0.25 Yield of C on N
nNG M1N MG 0.35 Yield of G on N
mAC T
1 0.025 Maximum growth rate of C on A;
mAC=nACIAC
mAG T
1 0.175 Maximum growth rate of G on A;
mAG= nAGIAG
mNC T
1 0.1 Maximum growth rate of C on N;
mNC= nNCINC
mNG T
1 0.07 Maximum growth rate of G on N;
mNG= nNGING
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derivation of Eqs. (2a)–(2d).
Over-shading is considered in the model as an additional and
direct form of competition over light L. Because of the possibility of
unequal over-shading, a distinction is made between the light
availability for Calluna LC and the light availability for grasses LG.
The light availability in Eqs. (2a)–(2d) is given as
LC ¼ LexpðaCGGÞ ; (3a)
LG ¼ LexpðaGCCÞ ; (3b)
where an exponential extinction as a function of biomass of the
competing species is assumed. The parameters aCG and aGC in
Eqs. (3a) and (3b) are non-negative parameters; growth inhibition
caused by over-shading is thus modelled by taking values of
a > 0.4. Model analysis
4.1. Expected behaviour based on model comparison
The full model of Eqs. (1a)–(1e), Eqs. (2a)–(2d), and Eqs. (3a)
and (3b) is rather complex – in particular due to the functional
responses obtained by time-scale separation – and intractable for
full algebraic analysis. It has a high number of quantities (variables
and parameters) with dimensions, and making the model
dimensionless results in the elimination of only a few of these
because of the Buckingham Pi theorem (Bluman and Kumei, 1989).
It is hence not expected that much is gained by making the model
non-dimensional. Instead, expectations about the behaviour of the
model can be based on the comparison of (limit cases of) the model
to known food web models.
The full model resembles food chain models that include
omnivory (McCann et al., 1998). Nitrate N can be viewed as a
‘feeder’ on ammonium A, while Calluna and grass consume both N
and its ‘food source’ A. Food chain models are known to be
stabilized by omnivory, where stabilization means that steady
states remain stable and more complex dynamics such as periodic
behaviour (limit cycles) and chaos are avoided (McCann et al.,
1998). Based on this comparison our ﬁrst expectation is that more
complex dynamics do not occur in the model.
Our ‘omnivory’-like model can be converted to a food chain
model with only links between adjacent trophic levels. This is
achieved by putting dAN = 0, dMN = 0, bNC = bNG = 0, and dN = 0 in
Eqs. (2a)–(2d), effectively removing N from the model equations.
An alternative reduced model is obtained by setting bAC = bAG = 0,
which mimics a lack of uptake of A by Calluna and grass,
effectively decoupling the upper and lower trophic levels. Food
chain models are well-known for their rich, complex behaviour.
However, this behaviour occurs when the bottom level of the
food chain is self-replicating, which is typically when it is biotic.
In food chain models of two competing species and one abiotic –
i.e., not self-replicating – resource there is always exclusion of
one of the two competing species (Kot, 2001, Chapter 12), which
eliminates the possibility for more complex behaviour. As our
full model has two abiotic levels (A and N) and one biotic level (C
and G), we can expect that the ‘reduced’ versions of our
model always display mutual exclusion (numerical results not
shown).
For the full model one also has to consider the effect of the
functional responses. Eqs. (2a)–(2d) with Eqs. (3a) and (3b) are
nonlinear but do not display alternative ﬁxed points. In fact, the
limit cases of these functional responses correspond to the well-
known Holling type II functional response (see Eq. (6) in
Appendix A), which is the functional response used in the original
analysis by Kot (2001). All in all, because of the ‘omnivory’ it is
expected that the full model of Eqs. (1a)–(1e), Eqs. (2a)–(2d), and
Eqs. (3a) and (3b) may display coexistence between Calluna and
grass, but because of the abiotic lower levels more complex
behaviour like limit cycles and chaos is not expected.
4.2. Numerical analysis methodology
To conﬁrm the expectations of the behaviour of the full model
we focus on the asymptotic behaviour, i.e., we use bifurcation
analysis and consider the stability properties of steady states.
Because the model is rather intractable we perform numerical
bifurcation analysis with the program AUTO (Doedel and Oldeman,
2009). The program is based on the continuation of steady states
in spatially homogeneous models as function of one or more
parameters, and is capable of detecting the two main types of
tipping points (as deﬁned by for instance Schro¨der et al., 2005)
by:
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speciﬁc parameter settings at which the stability properties of
steady states change;
2 Determining numerical values of saddle steady states at speciﬁc
user-deﬁned parameter settings which function as a so-called
‘separatrix’, i.e., the boundary in state space that separates two
domains of attraction associated with two alternative stable states.
The steady states and bifurcations that are found with the help
of AUTO are veriﬁed by using MAPLE (Maplesoft, 2014). Identical
parameter values are substituted in the model equations
implemented in MAPLE for independent and direct calculations of
steady states. Bifurcation points can be veriﬁed by substitution of
the steady state and associated parameter values in the Jacobian
matrix and the subsequent calculation of the eigenvalues, i.e.,
MAPLE should for instance give a zero eigenvalue for the speciﬁc
parameter values for which AUTO has located a tangent bifurcation.
Further information about the basics of bifurcation analysis can
be found in e.g. Guckenheimer and Holmes (1985), Wiggins (1990),
Kuznetsov (2004), and Seydel (2010), and examples of ecological
applications of bifurcation analysis in for instance Bazykin (1998),
Kooi (2003), Van Voorn et al. (2007), Van Voorn et al. (2010), and
Kooi et al. (2011).
4.3. Numerical analysis results
The main results of the numerical bifurcation analysis of the full
model of Eqs. (1a)–(1e), Eqs. (2a)–(2d), and Eqs. (3a) and (3b) area 
c
Fig. 2. Four two-parameter bifurcation diagrams with the ammonia deposition rate (gA) o
light availability but different over-shading. Upper left: aGC = aCG = 0 (no over-shading)
(strong over-shading). Lower right: aGC = 0.025, aCG = 0 (grass over-shading Calluna but
bistability. See main text for more explanation.summarized in Fig. 2. The parameters under variation in the
bifurcation diagrams are gA (the deposition rate of atmospheric
ammonia, on the horizontal axis), and dN (the outﬂux of nitrate
with e.g. soil water, on the vertical axis). The other parameters are
ﬁxed at the values given in Table 3.
When there is no over-shading (aCG = aGC = 0, Fig. 2a) the
bifurcation diagram displays four distinct regions of asymptotic
behaviour. When gA is too low while dN is too high neither of the
species can exist (indicated by the white region marked by Ex), i.e.,
not enough nitrogen enters the system while there is a strong
leakage of nitrogen. For low values of both gA and dN there is
persistence of Calluna only (blue region marked by Co). This
corresponds to nutrient-poor conditions typical for heathlands. An
increase in gA results in the possibility for grass to invade the
system, leading to coexistence of both species (brown region
marked by Cx). A further increase in gA combined with a signiﬁcant
increase in dN results in the extinction of Calluna, leaving grass as
the sole species (green region marked by Go).
With limited over-shading by both species (aCG = aGC = 0.0085,
Fig. 2b) the bifurcation diagram remains roughly the same, except
some of the boundaries have changed. The region for which only
grass persists increases signiﬁcantly, suggesting an increased
competitive advantage for grass under conditions of mutual over-
shading. A shift from heathland to grassland under increased
ammonia deposition is already possible for smaller values of dN
with these settings.
With strong mutual over-shading (aCG = aGC = 0.015, Fig. 2c)
the bifurcation diagram changes considerably as compared to theb
d
n the horizontal axis and the nitrate leaching rate (dN) on the vertical axis under ﬁxed
. Upper right: aGC = aCG = 0.0085 (mild over-shading). Lower left: aGC = aCG = 0.015
 not vice versa). Abbreviations: Co, Calluna only; Cx, coexistence; Go, grass only; Bs,
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coexistence as the only stable state has shrunk considerably.
Instead there are now additional regions with new types of
behaviour. The ﬁrst region is one with bistability (indicated by dark
yellow), in which coexistence is one possible stable state and the
alternative stable state is only Calluna. A second additional region
is a small, tooth-shaped region with tristability (indicated by dark
grey) adjacent to the dark yellow region, in which coexistence is
one stable state, only Calluna is one alternative steady state, and
only grass is the third possible stable state. The last new region is
the most right region (indicated by red and marked with Bs) which
is also a region of bistability. The two alternative stable states are
only Calluna and only grass (i.e., there is no longer the possibility of
coexistence).
To understand the origin of the tristability in the model a cross
section of Fig. 2c is plotted in Fig. 3, where dN = 3.2 remains ﬁxed
while gA is varied. Starting at the most left in both panels in Fig. 3 it
is clear that the only steady state is that of only Calluna (indicated
by Co, which corresponds to the blue region). A tipping point is
encountered at gA  4.5 which is a tangent bifurcation. A mild
increase in gA is not necessarily sufﬁcient for grass to invade
because of priority effects (Drake, 1991): depending on initial
conditions, the system evolves to either the state of Calluna only or
to the coexistence steady state (indicated by Bs, which corresponds
to the dark yellow region). Furthermore, only in combination with
an event that causes Calluna to die (e.g. because of disease or
grazing) it might be possible for grass to establish, while a healthy
Calluna canopy persists under mild nitrogen enrichment. A further
increase in gA leads to another tipping point, which is a transcritical
bifurcation at gA  4.62. At this point a third alternative steady
state emerges, and we enter the region of tristability (indicated by
Ts, which corresponds to the dark grey tooth-shaped region).
Finally, at gA  4.75 another tipping point is crossed, which is a
tangent bifurcation again. The stable state of coexistence
disappears, and the two alternative states that are left are that
of Calluna only and grass only (this region is marked by Bs, which
corresponds to the red region).
It is suggested in the literature that Deschampsia can strongly
affect Calluna in terms of over-shading but not the other way
around (fact I). Therefore, the fourth case that is studied here is
when there is only over-shading of Calluna by grass (aGC = 0.025,
aCG = 0, Fig. 2d). In this case the region of values for which only
grass persists is signiﬁcantly higher than for the cases in which the
over-shading of both species is equal. There again are regions ofa b
Fig. 3. A cross section for the setting aGC = aCG = 0.015 (strong mutual over-shading) with
densities of Calluna (left: think blue = stable, thin black = unstable) and grass (right: thic
lines from left to right are: Calluna only (Co); bistability (Bs): only Calluna or coexist
interpretation of the references to color in this ﬁgure legend, the reader is referred to bistability. The ﬁrst region of bistability, adjacent to the region of
only Calluna (indicated by red and marked by Bs), contains the two
alternative stable states of Calluna only and grass only. Next to this
region is the region of bistability in which the two alternative
stable states are coexistence and grass only (indicated by dark
orange and marked with Bs). The steady state of coexistence
disappears at the right boundary of this region in a tangent
bifurcation. Contrary to the situation of strong mutual over-
shading, an asymmetrical over-shading leads to a large range of
values for ammonia deposition for which grass is the dominant
competitor.
5. Discussion
In this paper we have studied heathland transition to grassland
by means of a dynamic model. The key concepts are over-shading
and the use of the Synthesizing Unit to describe indirect
competition for light, ammonium, and nitrate between the two
main species, Calluna and the grass Deschampsia. In our model the
transition from heathland to grassland can occur in different ways:
 By crossing a bifurcation under change in nitrogen deposition,
much in agreement with the current dominant view that shifts
are caused by increased atmospheric nitrogen levels.
 By crossing a bifurcation under change in the leaching of nitrate.
This could for instance result from changes in precipitation.
 By crossing a separatrix in case there are more alternative stable
states, where the separatrix is the stable manifold of an third,
unstable steady state, that may be crossed after a perturbation
(Schro¨der et al., 2005; Andersen et al., 2009). Such a crossing
could be promoted by gap formation in heather canopy.
In our model we ﬁnd large parameter regions for which there is co-
existence between the two species under steady state conditions.
Nitrogen enrichment alone is not sufﬁcient to invoke a shift from
heathland to grassland. Instead the combination of one-sided or at
least asymmetrical over-shading and multiple nutrient limitation is
crucial to explain mass-scale heathland conversion.
The above results differ from those found by existing annual
time-step models that describe Calluna and Deschampsia dynamics
under availability of light, nitrogen, and carbon, stochastic
outbreaks of heather beetle, and the type of management
(CALLUNA, Heil and Bobbink, 1993; HEATHSOL, Terry et al.,
2004). Over-shading is considered in these models by making a
distinction between a top layer and a lower layer of above-soil dN = 3.2. On the horizontal axis the value of gA, on the vertical axis the steady state
k green = stable, thin black = unstable). The regions indicated by the dotted vertical
ence; tristability (Ts); and again bistability (Bs): only Calluna or only grass. (For
the web version of the article.)
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level of irradiance not intercepted by the top layer and the relative
proportions of leaf area of each species. Simulation results by
HEATHSOL suggest that the accumulation of nitrogen that is
deposited over the years is the main driver of heathland turning to
grasslands, and furthermore that management aimed at litter
removal proves to be the most effective option for reducing
nitrogen enrichment.
The steady state results of our model can be matched to
experimental ﬁndings. The results on co-existence between the two
species seemed to match experimental observations in which both
species could co-exist for periods of time relatively long compared to
the time-scale of the ageing process of Calluna under similar species
densities (Damgaard et al., 2009). The regions of bistability (the
existence of at least two steady states, one free of Calluna and one
free of grass) can be matched to related experiments in which
species densities differed and the more dominant of the two species
outcompeted the other (Damgaard et al., 2009).
The way of generating conditions of bistability in the presented
model is by over-shading. Under conditions of signiﬁcant over-
shading the two species can outcompete the other in the model,
depending on the initial conditions. It has also been suggested that
over-shading is just a one-sided interaction in which grasses over-
shade Calluna but not vice versa (Britton et al., 2003). When over-
shading is asymmetrical in our model Calluna can only survive
under nutrient-poor conditions. Under nutrient enrichment
already bistability occurs in which one possible stable state is a
grass-only state. This would suggest there are conditions under
which healthy Calluna canopy would persist under mild nutrient
enrichment, while grass can outcompete Calluna when there are
sufﬁcient gaps in the canopy. These ﬁndings are in agreement with
reported fact II (Alonso et al., 2001).
The canopy can be damaged in different ways. One option is
grazing by the heather beetle (L. suturalis). This is why some
authors consider grazing already as a sufﬁcient factor to lead to
conversion from heathland to grassland (Berdowski, 1987).
Grazing is more likely to be targeted towards grass when it is
done by ungulates, and therefore other authors do not consider
beetle grazing to be the dominant driver (Alonso et al., 2001).
Another way of how damage to the canopy can occur is by winter
frost or low temperature desiccation to Calluna shoots. Although
nitrogen addition seems to actually improve frost tolerance in
Calluna (Caporn et al., 1994), ﬁeld survey results suggest that after
large nitrogen depositions more winter damage occurs to Calluna
canopy (Carroll et al., 1999).
Summarizing the above, our model results suggest that the
combination of one-sided or at least asymmetrical over-shading
with multiple nutrient limitation is required to explain sudden
catastrophic shifts from heathland to grassland under increased
nitrogen deposition. The results also suggest that canopy damage
is required in order for grasses to establish under mildly increased
nitrogen deposition. Our model results suggest that current
management practices such as burning and mowing may not be
appropriate to prevent heathland conversion to grassland. These
practices result in canopy damage and may in fact aid the
establishment of grass, in particular in view of the higher growth
rates of grass compared to those of Calluna.
The hypothesis that the combination of canopy damage, mild
nitrogen enrichment, and over-shading drives a shift from
heathland to grassland is testable for example by applying
different cutting patterns and rates in patches of heathland under
different light and nitrogen application settings e.g. by using
mesocosms. It should be noted in this regard that spatial structure
is neglected in the current model. It is well-known from the
literature that the explicit addition of a spatial structure in
combination with dispersal of the species can generate spatialpatterns (Malchow et al., 2008; Rietkerk and Van de Koppel, 2008).
Such patterns may also become apparent in a mesocosm study for
large enough patches. Future research may be aimed at imple-
menting the model as a reaction-diffusion model and linking it to
observations of spatial patterns.
While our key model ﬁnding is that over-shading plays a crucial
role in the existence of tipping points and bistability in the system,
there may be other explanatory or auxiliary factors behind the shift
from heathland to grassland.
One mechanism to introduce bistability in the system and to
possibly explain the heathland shift may be related to acidiﬁcation.
Discussions by different authors suggest that acidiﬁcation of
heathland by nitrogen is not likely to have a signiﬁcant effect at
some point as the soils are already acidic (Damgaard et al., 2014).
The activity of nitrifying bacteria Nitrosomonas and Nitrobacter is
signiﬁcantly reduced in acidic mineral soils of pH < 5.0 (Gigon and
Rorison, 1972). Experiments with plant growth under different pH
conditions show that Deschampsia growth rates are not affected
dramatically by pH under NHþ4 enrichment, while growth rates
decrease with decreasing pH under NO3 enrichment (Gigon and
Rorison, 1972). This suggests that acidiﬁcation indeed may limit
microbial activity, which would violate our assumption 3, which
says that conversion rates affected by microbial activity are not
limiting. As the nitrogen enrichment of natural patches is mostly in
the form of ammonia, the ‘primary food source’ of Deschampsia is
not limited. However, enrichment by ammonium also leads to
acidiﬁcation, which leads to decreased microbial activity of
nitrifying bacteria, which in turn results in less nitrate being
available. In other words, the ‘primary food source’ of Calluna
(nitrate) is affected in a nonlinear way by enrichment by ammonia,
as ammonia is the precursor to nitrate but also affects its own
conversion rate by affecting the microbial activity through
acidiﬁcation. This suggests that the heathland shift may be a
cascaded or ampliﬁed tipping point resulting from acidiﬁcation
accompanying the nitrogen enrichment of natural areas, which
presents a competitive advantage for grass.
In the model we have not discriminated between the types of
dead material (litter) produced by Calluna and Deschampsia.
Experiments with types of litter have shown that the nitrogen
content of litter may be an important driver of the competition
between grass and heather. While grass grows better on both types
of litter than without litter, heather actually performs worse on
litter from grass. In mixed cultures Deschampsia outcompetes
Calluna except when there is no litter (Hoﬂand-Zijlstra and
Berendse, 2009). This asymmetrical feedback could present an
alternative to the asymmetrical over-shading or an amplifying
mechanism for it.
Despite some limitations the presented SU-based food web
model of only two species at the same trophic level including over-
shading and multiple nutrient limitation is capable of explaining
the shift from heathland to grassland under increased ammonia
deposition. Its results correspond well with several reported
experimental results and observed facts. In all studied model
settings Calluna survives under nutrient-poor conditions, while
grass is in general the better competitor under conditions of high
nitrogen deposition or high leaching of nitrate. The over-shading
itself is critical in generating alternative stable states in the model,
while the asymmetry in the over-shading provides a rigorous
mechanism to explain widespread shifts to grassland under
nitrogen enrichment.
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Appendix A. Functional response derivation
In view of model foundation No. 3 we use a Synthesizing Unit (SU)
formulation to adequately handle the co-limitation by light and
nitrogen for each of the two species. The SU formulation (O’Neill et al.,
1989; Kooi et al., 2004; Kooijman, 2010) is a suitable description for
enzymatic reactions and trophic interactions alike. In this case a
combined complementary-substitutable SU is required, where the
complementary part represents the need for both light and nitrogen,
and the substitutable part represents the observation that both
ammonium A and nitrate N are suitable as nitrogen source. The SU is
depicted in Fig. 4. Observe, that we need two similar SU descriptions,
namely one for Calluna (C) and one for grass (G).
A key assumption in this derivation is that the interactions of the
plant species C, G with the nutrients A, N, L (such as binding and
handling rates) are much faster than the physiological processes
(such as growth) as described in Eq. (1). The ﬂuxes on the fast time
scale are shown in Fig. 4. The (differential) equations describing these
ﬂuxes (with t as the fast time variable t  t) are
1 ¼ u  þ uA þ uL þ uN þ uLA þ uLN ; (4a)
d
dt
uA ¼ bAAðtÞu   bLLuA ; (4b)
d
dt
uL ¼ bLLu   ðbAAðtÞ þ bNNðtÞÞuL ; (4c)
d
dt
uN ¼ bNNðtÞu   bLLuN ; (4d)
d
dt
uLA ¼ bAAðtÞuL þ bLLuA  kLAuLA ; (4e)
d
dt
uLN ¼ bNNðtÞuL þ bLLuN  kLNuLN ; (4f)
where the state variables u represent fractions of the state in
which the SU can be. The SU represents a unit of biomass. The
dynamics of A, N are still a function of the slow time scale time
variable t (see Eq. (1)). Because of the possibility of (unequal) over-
shading we distinguish between LG and LC, where LC is the lightFig. 4. A schematic depiction of the Synthesizing Unit for grass (G) and Calluna (C)
used in the model. The symbols are given in Table 3. The species can differ in their
association rates for A and N.availability in the SU for Calluna and LC the light availability in the
SU for grass.
The quasi-steady state values for the different fractions are now
found by solving Eq. (4) using software for symbolic calculations, such
as MAPLE. This results in
u ¼ bLLkLAkLNðbAA þ bNNÞQ
1
 ; (5a)
uA ¼ bAAkLAkLNðbAA þ bNNÞQ
1
 ; (5b)
uL ¼ b2L L2kLAkLNQ
1
 ; (5c)
uN ¼ bNNkLAkLNðbAA þ bNNÞQ1 ; (5d)
uLA ¼ bAAbLLkLNðbAA þ bLL þ bNNÞQ
1
 ; (5e)
uLN ¼ bLLbNNkLAðbAA þ bLL þ bNNÞQ
1
 ; (5f)
where Q is the sum of the nominators of the quasi-steady state
values of the six u and still A(t), L(t) and N(t). Observe there are
also two distinct Q, one (QC) for species C and one (QG) for
species G. The parameters are given in Table 4.
We call f ¼ uL (which is deﬁned per unit of plant biomass)
the scaled functional response, where uL are given in Eqs. (5e)–
(5f). These expressions are used as functional responses in Eqs. (2a)–
(2d). Observe that the expression for f is also a function of light
density L and is not equal to one as is generally the case. The
expression of f thus entails a ﬁxed chemical composition of the
resulting plant biomass after assimilation of the nutrients.
We furthermore have the following limit cases (where we take
LC = LG = L)
lim
L ! 1
f A ¼
bAAkLN
bAAkLN þ bNNkLA þ kLAkLN ; (6a)
lim
L ! 1
f N ¼
bNNkLA
bAAkLN þ bNNkLA þ kLAkLN ; (6b)
lim
A ! 1
f A ¼
bLL
bLL þ kLA ¼
L
L þ KA ; (6c)
lim
A ! 1
f N ¼ 0 ; (6d)
lim
N ! 1
f A ¼ 0 ; (6e)Table 4
Parameters and state variables of the fast time-scale equations for the derivation of
the SYNTHESIZING UNIT (see also Table 3). Dimensions are expressed as SI dimensions:
T = time, L = length, M = mass. The underscores for mass M indicate the type of mass.
Symbol Dimension Value Description
t T – Time at the fast time-scale
bAC M
1
A L
2 T1 0.1 Association rate for A by Calluna
bLC M
1
L L
2 T1 0.1 Association rate for L by Calluna
bNC M
1
N L
2 T1 0.2 Association rate for N by Calluna
bAG M
1
A L
2 T1 0.1 Association rate for A by grass
bLG M
1
L L
2 T1 0.1 Association rate for L by grass
bNG M
1
N L
2 T1 0.1 Association rate for N by grass
kLAC T
1 0.1 Dissociation rate for production
of C from A and L
kLNC T
1 0.4 Dissociation rate for production
of C from N and L
kLAG T
1 0.5 Dissociation rate for production
of G from A and L
kLNG T
1 0.2 Dissociation rate for production
of G from N and L
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N ! 1
f N ¼
bLL
bLL þ kLN ¼
L
L þ KN : (6f)
In the limit cases A ! 0 and N ! 0 while LC = LG = L these
functional responses converge to a standard complementary
SU. In turn, the limit cases L ! 0 and A ! 0 (or N ! 0) of the
complementary SU give zero. The third and sixth limits are similar
to the well-known Holling type II functional response, where
K = kL/bL is called the half-saturation constant and where one
species is consuming one nutrient (L). The ﬁrst two limits
(unlimited light) reproduce the substitutable functional response
with one species consuming two non-essential nutrients A and
N. Then the species can survive either consuming one of the two
nutrients, or both. In our case these two versions are combined
where on the one hand light L is an essential nutrient, and on
the other hand either ammonium A or nitrate N, or both, are
essential.
There are two functional responses on the slow time scale
(incorporated in Eq. (1) with time variable t) for each of the two
species, giving a total of four distinct functional responses. These
are the ﬂux from uLA to u  , and the ﬂux from uLN to u  , as
both provide the same product (i.e., biomass of C or G). The
scaled functional responses are dimensionless as u are
dimensionless.
The scaled functional response expressions are now substituted
into Eq. (1) where they are multiplied by the maximum ingestion
rate denoted by I / k, and by C or G, the biomass of the
relevant plant species (since the functional response was deﬁned
per unit of plant biomass). The parameters I represent the
ingestion rates and are not dimensionless because they entail
stoichiometric conversions (observe that we just assume a 1-on-1
conversion). In the main equations we refer to fLAC and fLNC for
ﬂuxes for Calluna (with again LC for light utility), and fLAG and fLNG
for grass (and LG for light utility), respectively. We can rewrite this
further by taking K = kL/bL (as mentioned above), where the two
parameters I (the maximum ingestion rate) and K (the half-
saturation constant) have a well-known interpretation in the
Holling type II functional response.
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